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Abstract

We present a candidate proof that the integer-exponent trace of the fractional Gaus-
sian binomial coefficient is coefficientwise largest at r = 1/2, for every positive rational
parameter r and every positive integer lower index k. An exact trace expansion reduces the
comparison to r = 1/(2m). Same-index pairing leaves explicit deficits, which are bounded
by adjacent even-index summands. These pairs are disjoint for m > 3; a weighted identity
handles their overlap for m = 2. A counting estimate covers the upper index boundary,
and denominator comparisons reduce the remaining range to three rational kernels with
denominator (g; ¢)4. The classical restricted-partition formula gives a cubic approximation
with an explicit linear error bound, yielding uniform coefficient bounds for all three kernels.
The proof uses no finite parameter cutoff or symbolic case enumeration as a premise.

Preprint; not externally peer reviewed. Al use and verification are described in the appendiz.

Introduction and proof strategy

Han and Xiong [1] conjectured that, among the integer-exponent traces of fractional Gaussian
binomial coefficients with positive rational parameter, the trace at r = 1/2 is coefficientwise
maximal. The proposed theorem below proves this comparison for every positive rational r
and every positive lower index k. The numerator convention is Hle(l — ¢'™™); it is important
that the product starts at ¢ = 1. Section 1 defines the trace and states the theorem precisely.

The existing reductions make the unresolved part quite specific. Ono [2] reduced the problem
to the canonical parameters r = 1/(2m), proved structural comparison results, and verified the
conjecture for all positive rational parameters when k < 200 by exact computation. Andrews
and El Bachraoui [3] proved adjacent-pair estimates for m > 2 and k < 6m + 2, as well as
(m, k) = (2,15); their result gives a non-computational proof for all parameters when k < 15.
We use neither of these finite ranges as a premise. The reduction in [2] and the adjacent-pair
strategy in [3] are prior work. The scope of [3] stated here is taken from its published abstract;
its full text was unavailable for the present comparison.

Proof strategy. After the canonical reduction, we pair every summand of T (o), with the
summand of 77/, having the same index. What remains is a sum of unused positive terms
minus explicit deficits. We compensate a deficit at index 2m# using the two nearest unused
even indices, 2mf — 2 and 2m{ + 2. For m > 3 these pairs are disjoint. For m = 2 neighboring
pairs overlap, so a weighted identity accounts for every positive term before the local estimates
are summed.

The local estimates have two parts. Close to the upper index boundary, the right neighbor can
be absent; a counting argument bounds the deficit using the left neighbor alone. Farther from
that boundary, denominator comparisons reduce the local inequalities to three rational series
with denominator Dy = (g;¢)4. The classical exact formula for [¢"] D', expressed as a cubic
polynomial with an explicit linear error bound, then proves each kernel inequality uniformly.
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All polynomial bounds and all finite initial coefficients needed for the proof are displayed in
the manuscript.

Reading guide. Section 2 specifies exactly which local estimates suffice and explains their
weights. Section 3 treats the boundary range. Section 4 handles the other range and lists the
three kernel targets. Sections 5-7 prove those targets, using one common rule to generate the
polynomial lower bounds. Section 8 completes the theorem. The appendix describes Al use,
review status, and supplementary arithmetic checks.

1 Integer traces and reduction to primitive parameters

All generating functions in this paper are formal. For a nonnegative integer t, put

t

Di(q) = (g;0)e=[](1—4q"),  Dolq)=1. (1.1)
=1

For a positive rational number 7, expand the numerator below in a suitable fractional power
of ¢q. The operator Try retains precisely the terms whose exponents are integers. In particular,
the numerator product starts at ¢ = 1:

_ le(l - C]HT)
Tr,k(q) = Trz< Dk(q) ) . (1.2)

For ordinary formal power series F and G, write F > G if every coefficient of F — G is
nonnegative. Multiplication by a series with nonnegative coefficients preserves this order. Han
and Xiong introduced the comparison in Theorem 1.1 as their 1/2-conjecture [1]. The reduction
to primitive parameters was established by Ono [2]; we give its short proof here to make the
argument self-contained. Adjacent-pair comparisons also occur in the work of Andrews and El
Bachraoui [3].

Theorem 1.1. For every r € Q~, every integer k > 1, and every integer n > 0, one has
[q"] (Tl/Q,k:(Q) - Tr,k(Q)) > 0. (1.3)

1.1 The exact trace formula

The finite g-binomial theorem, followed by cancellation of Dy, gives

i+r k s S(s S
i (1—g'tm) (—1)3gs(e+D/2+

= . 1.4
Dk gj DsDk—s ( )

Suppose r = u/b is in lowest terms, with u,b positive integers. The denominators on the right
contain only integer powers of q. Since s(s + 1)/2 is an integer, the s-th summand survives the
trace precisely when b divides s. Consequently

(_1>sqs(s+1)/2+(u/b)s
DsDys

Tupild) = > (1.5)

0<s<k, bls
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1.2 The even-core comparison

Put A = lem(b,2), so A is even, and let 7 = 1/A. We claim

Tyak = Tupp k- (1.6)

First note the elementary shift comparison: if 1 < s <k, d > 0 is an integer, and E > 0 is an
integer, then

E E+d
_q-‘r

q
— > 0. 1.
DsDk—s o 0 ( 7)

Indeed, for d > 0 the numerator contains 1 — ¢%; cancel 1 — q against the factor of Dy and

use (1 — ¢1)/(1 —q) =1+ q+ -+ + ¢?1. For d = 0 the difference is zero.

If b is even, the surviving indices in (1.5) are exactly the multiples of A = b, and all their
signs are positive. The same indices occur in T /5 ;. Their exponents differ by the nonnegative
integer d = (u/b — 1/A)s, so (1.7) compares each pair. The s = 0 terms are equal.

If b is odd, the positive summands of (1.5) have even indices divisible by b, hence indices
divisible by A = 2b. These are exactly the indices of T} /5 j,, whose exponents again occur earlier
or at the same degree. The remaining summands of 7}, have negative signs. Subtracting
them adds nonnegative series. This proves (1.6), including the case b = 1.

It follows that Theorem 1.1 is equivalent to proving, for all positive integers m and k,

Ty2x = T1/2m) k- (1.8)

The necessity is immediate by choosing r = 1/(2m). Conversely, A = 2m in (1.6), so (1.8) and
transitivity give (1.3) for every positive rational r. The case m = 1 in (1.8) is equality. We
henceforth take m > 2.

2 Global allocation of adjacent positive summands

Symbol Role in the local comparison

k Fixed lower index of the Gaussian binomial
coeflicient

m,{ Canonical parameter 1/(2m) and deficit index

s =2m/l Index of the matched term at the center of a
deficit

h=k—s Distance of that center from the upper index
boundary

a=ml Compressed parameter used when m > 3
Degree of the coefficient being estimated

T Nonnegative translated parameter in the kernel
proofs

Fix £ > 1 throughout this section and the local estimates that follow. The notation Ag
suppresses this fixed dependence on k; thus Ay = Ay 5. For every even index s in [0, k], define
Ag by (2.1), and set it equal to zero for even indices outside this range. Put J = |k/(2m)] and
define B, o for 0 < ¢ < J:

qs(s+2)/2 2m2 02+ (m+1)¢

- DsDkfs ’

q
A, B, =L 2.1
T Dot Di—ame 21)
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Formula (1.5) gives

J

Tijpp= Y, A, T /2m) ke = D By (2.2)
0<s<k, 2|s =0

For 1 < ¢ < J, the matched positive term is Ag,,p = q(m_l)EBmﬁg. Define its deficit by

Cong =1 =" By, Api=T10k — Tijam) b (2.3)
Bm,Z - AQmé = Cm,f-

Thus C,, is exactly the deficit left by this same-index pairing. It is a nonnegative series:
cancel 1 — ¢ from Do, in (1 — ¢ V9B, leaving a finite geometric sum and nonnegative
reciprocal factors. The nearest even indices not used in the pairing are 2m/f+ 2, which explains
the choice of neighbors in the estimates below.

Let U,y . be the set of positive even indices at most k that are not divisible by 2m. Cancelling
the s = 0 terms and the matched terms gives the exact identity

J
Am,kz = Z Ag — Z Cm,é- (24)

SeUm’k /=1
When J = 0, the second sum is empty and positivity follows at once. The arguments below
address J > 1 and explicitly account for how often each positive summand is used.

For example, when m = 2, the first two deficits use the pairs (Aa, Ag) and (Ag, A1g), so
the term Ag would be counted twice. When m = 3, the corresponding pairs are (A4, Ag)
and (Ajg, A14), with no overlap. The following identities turn this distinction into an exact
accounting argument; the examples are only an explanation of the design.

2.1 The shared-neighbor case m = 2

In this subsection let J = floor(k/4), write C; = Cs;, and put R; = Ayj_o for every j > 1.
Then

J+1 J
Nor=)Y R;—=> Cj (2.5)
j=1 j=1

The last term is Ryy1 = Agjyo; it vanishes when 4J 4+ 2 > k. The local comparisons we shall
establish are

242+ Ag = 201 (k> 4), (2.6)
Agjo+ Asjr2 =2C; (2<5<J).

To account for the overlap, multiply the target difference by two. Each positive term then has
two copies available. An interior term is assigned once to each neighboring deficit; the extra
copy at the left endpoint is included in the first comparison, and one copy at the right endpoint
remains unused and nonnegative. This gives the exact identity below, including J = 1, when
the middle sum is empty:

J
2A27k = (2R1 + Ry — 201) + Z(RJ + Rj+1 — 2Cj) + Rjyi1. (2.8)
j=2

4
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For J = 2, for instance, the same identity reads

2A2’k = (2R1 + Ry — 201) + (R2 + R3g — QCQ) + Rs.

The first bracket explains the asymmetric weight in (2.6). Each bracket is nonnegative by the
stated local comparisons, and the last term is nonnegative. Terms with indices greater than
k are zero by convention. This ensures that no positive summand is spent more often than
allowed.

2.2 Disjoint neighbors for m > 3

For m > 3, it suffices instead to establish the unweighted comparisons

Aogpe—2 + A2m€+2 = Cm,f (1 <{< J) (29>

Both neighbors, whenever their indices are in [0,k], belong to Uy, ;. Different deficits do not
share a neighbor. Indeed, an equality between a right neighbor and another left neighbor would
require 2m(¢' — ¢) = 4, impossible for m > 3; equality between neighbors of the same kind
forces ¢/ = ¢. Thus every valid positive summand in (2.9) is used at most once. Summing (2.9),
and adding the unused A terms from (2.4), proves A, ;, = 0. The convention Ay = 0 outside
[0,k] includes the upper boundary automatically.

3 Counting estimates near the upper index boundary

The variable h = k — s measures how much room remains above the deficit center. When A = 0
or h = 1, the right neighbor is absent, so we first seek estimates using only the left neighbor.
For larger h, both neighbors can be put over a useful common denominator. The following
table records the ranges that will be proved in Sections 3 and 4; it also shows in advance why
they suffice.

Case Counting (Section 3) Kernel (Section 4)
m >3, a=ml 0<h<2¢+1 h>2a+2
m=2j>2 0<h<6j—1 h>4j+2
m=2,j=1 0<h<5 h>6

The first and third rows are consecutive ranges. The second row has an overlap: 45 + 2 < 65
for j > 2, so it too leaves no integer h > 0 uncovered. A kernel inequality below always means
coefficientwise nonnegativity after division by Dj, not nonnegativity of every coeflicient of the
numerator polynomial.

For a positive integer ¢, write [t], = 1 + ¢+ -+ ¢'~!, and set [0], = 0. We prove two local
estimates by cancelling D3 from a common denominator. Each remaining reciprocal factor is
a geometric series with nonnegative coefficients.
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3.1 The estimate needed when m = 2

Lemma 3.1. Let j > 1,s=4j,and h=k —s>0. If h <65 — 1, then A,_5 = 2C};.

Proof. Bringing the two series to a common denominator gives

85°—4j v

q

Ay g—20;, =1 " 3.1
2 ! DyjDpio (3:-1)
N=(1-g"1)(1-¢") —2¢"(1—¢/)(1 - ¢"™)(1—¢"™). (3.2)

Among the consecutive integers h + 1 and h + 2, write the even one as 2v and the odd one as
w. The hypothesis gives v < 3j. Exact cancellation yields

N 1 (2d]el4d =g o 7.

17% 1= ¢ ( 1—gq —2q J[ﬂ]q[”]qg [w]g | - (3.3)
Each coefficient of 2[j]q[v],2[W]q is at most 2jv < 6j2: after choosing an exponent from each of
the first two factors, there is at most one choice from the third factor for a prescribed total
degree. Thus the negative term inside the parentheses has coefficients of magnitude at most

6j2 and first appears at degree 7j.

To obtain a lower bound for the positive part, write its coefficient as an explicit count:

2412 (45 — 1]q

[q"] - =#{(u,t):0<u<2j—1,0<t<4j—2, 2u+t<n}.
For every n > 7j, this set contains the rectangle 0 < u < [35/2], 0 < ¢t < 45 — 2. Indeed,
its first coordinate is within range even when j = 1, and its largest possible 2u + ¢ is at most
75 — 2. Thus the whole rectangle has already entered the count before the negative term first
appears, and it remains counted at every later degree. Its size is at least the upper bound 652

for a coefficient of the negative polynomial, because

(137/2] +1) (45 — 1) > 652 (3.4)
Here are the two arithmetic checks in (3.4). If j = 2b with b > 1, the difference of the two sides
is (3b+1)(8b—1) —24b> = 5b—1 > 0. If j = 2b+1 with b > 0, it is (3b+2)(8b+3) —6(2b+1)? =
b > 0. Before degree 7j there is no negative term; from degree 7§ onward the positive count
dominates every negative coefficient. This proves N/ D% = 0. Both Dy4; and Dy contain Do,

SO D% /(D4 Dpy2) is a product of reciprocal geometric factors and has nonnegative coefficients.
Multiplying it by N/D3 and by the monomial in (3.1) proves the assertion, including h = 0. O

3.2 A uniform estimate for m > 3

Lemma 3.2. Let m >3,/ >1,a=mf,and h = k—2a > 0. If h < 2a+1, then Az,_2 = Cy, 0.

Proof. Here a > 3 and a — £ > 1. The common-denominator identity is

2a2—2a
q N
A a—2 —Yml = K~ .
2a-2 = Cm,¢ Doy Dp o (8:5)
N=(1-¢""1-¢") @1 —g 1 —g"™)(1-¢g""). (3.6)
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Again write the even member of {h + 1,h + 2} as 2v and the odd member as w. Now v < a
+ 1. Cancellation gives

N 1 ([a]q2[2a1]q

Fg T 1= e 1—¢ - q3a+é[a - g]q[“]qQ [w]q> . (3.7)

The polynomial multiplying the negative monomial has every coefficient at most (a — £)v.
Since £ > 1 and v < a + 1, this is at most (a — 1)(a + 1) = a? — 1. No negative contribution
occurs before degree 3a + /.

For n > 3a + ¢, the positive term counts pairs (u,t) with 0 <u<a — 1,0 <t < 2a — 2, and
2u + t < n. Its admissible pairs include the rectangle 0 < u < floor(a/2), 0 < t < 2a — 2,
because floor(a/2) < a — 1 and 2u + t < 3a — 2. Moreover,

(la/2] +1)(2a —1) > a® — 1. (3.8)

For a = 2b the difference between the two sides is 3b; for a = 2b + 1 it is b + 1. Thus N/D22 -
0 at every degree. Multiplication by the nonnegative series Do?/(D2,Dj2) and the monomial
factor in (3.5) proves the lemma. In particular, the proof includes h = 0 and h = 1, where the
upper neighbor in (2.9) is absent. O

4 Denominator comparisons and three rational kernels

4.1 A common denominator lemma

For nonnegative integers u,v, put ®,, = 1/(D,D,). The following comparisons concern the
complete rational series, rather than bare ratios of polynomials.

Lemma 4.1. If s > 2 and h > s+ 2, then

q)s—27h+2 = (1 - qs_l)(l - qs)q)s,hv (I)s+2,h—2 = (bs,h' (41)

Proof. The difference in the first comparison is

1 1 1
— ) =o 4.2
D, _» (Dh+2 Dh) - (42)

because adding the two geometric-series factors increases every coefficient. For the second
comparison, if h = s + 2 the denominator factors are simply interchanged, giving equality. If
h > s + 3, insert the intermediate term ®4,q 1. The successive differences are

qs+1 (1 - qh—s—l)

P 11—, = 4.3

s+1,h—1 s,h Ds+1Dh ( )
qs+2(1 _ qh—s—3)

P 99— 1= 4.4

s+2,h—2 s+1,h—1 Ds+2Dh—1 ( )

A numerator factor with exponent zero makes its difference zero. Otherwise, 1 <h — s — 1
<hin (43),and 1 <h —s — 3 <h — 1in (4.4). The numerator factor therefore cancels
one factor of Dy, or Dj_1, leaving a monomial times nonnegative geometric series. This proves
both differences nonnegative and establishes the lemma. U
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4.2 The variable kernel for m = 2

Takej > 2,8 =4j,h =k — s, and e = 8j> — 4j. When h > s + 2, all relevant indices are valid,
and the exponent shifts are

As_o = q°Ps_9 p4a, By =q"T 0, Ao = ¢TI0 o 5. (4.5)

)

Since Cj = (1 — ¢7)Ba j, Lemma 4.1 gives

As—2+ Agio — 20 = ¢“®, 1 K;(q),
Kj(q) = (1—¢Y ™)1 —qY) — 2¢7 +2¢% + ¢'+,

The order-preserving multiplication needed at this step is explicitly

D, K;
‘O, 5 Kj=q° =2,
¢ %n 2 =495 D D,

The first quotient has nonnegative coefficients because D, cancels inside Ds. The same argu-
ment will be used for the other two kernels. The choice of Dy is useful for both algebraic and

arithmetic reasons: it cancels from the denominators here, and the coefficients of 1/D4 admit
a cubic approximation with an explicit linear error bound.

Thus K;/Dy = 0 implies (2.7) in this range; this kernel inequality is proved in Lemma 6.1,
Section 6. There is no missing h-range: Lemma 3.1 covers h < 65 — 1, and every remaining
integer h satisfies h > 65 > 45 + 2.

4.3 The first-index kernel when m = 2

For j = 1, use the first-index comparison (2.6). If h = k — 4 < 5, Lemma 3.1 already gives Ay
= 2Cy, which implies (2.6) after adding the nonnegative series Ay + Ag. If h > 6, Lemma 4.1
instead gives

245 + Ag — 201 = ¢*®4 1 K. (q),
Ki(q)=2(1-¢")1—¢")—2¢"(1 - q) + ¢* =2—2¢" — 2¢" + 2¢* + ¢*°. (4.9)

Consequently K,/Dy = 0 proves (2.6) for h > 6. The fixed-kernel proof is Lemma 7.1, Section
7. Together with Lemma 3.1, these two h-ranges include every k > 4.

4.4 A single uniform kernel for all m > 3

Nowletm >3,/ >1,a=ml s =2a, h=k— 2a, and e = 2a%2 — 2a. In the range h > 2a +
2, the exact shifts are

Ag 0 =q¢®y op12,  Bpy=q o, (4.10)
As+2 = qe+8a+4®s+2,h727 Cm,é - (1 - qaff)ij. (411)

Applying Lemma 4.1 to the two positive terms yields

As—2 + As+2 - Cm,é = qeq)s,hKa,K(q)a (412>
K —(1— 2a—1 1 — 2a\ . 3a+{ 4a 8a+4 4.1
at(@) =1 =g )1 —=qg™) =" + g + ¢ (4.13)
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Define the kernel independent of £ by

Qa(Q) _ (1 . qQafl)(l . q2a) . q3a+1 +q4a 4 q8a+4' (4.14)

Since £ > 1, these two kernels satisfy

Kot —Qa @11 —q¢)
’ = = 0. 4.15
Dy Dy - ( )

For ¢ = 1 the difference is zero. For ¢ > 2, cancel 1 — q and use the nonnegative polynomial
[¢ — 1]q. Thus Q,/D4 = 0 for all a > 3 suffices for (2.9) in the range h > 2a + 2: first (4.15)
gives K, ¢/Dy = 0, then multiply by the nonnegative series ¢°D4/(DsDy) in (4.12). Lemma
3.2 covers the complementary range h < 2a + 1. The proof of the uniform kernel inequality,
together with the other two required kernel inequalities, is supplied in Sections 5-7; Section 8
combines them with the allocations of Section 2 and the even-core comparison of Section 1.

4.5 The three remaining targets

The local comparisons have now been reduced to the following three statements. This table
specifies which part of the global allocation each statement completes.

Kernel statement Local comparison Proof
completed

Qo/Ds >0 (a>3) (2.9), form >3 Section 5

K;/Dy =0 (j >2) (2.7), form=2, j >2 Section 6

K./Dy >0 (2.6), form=2, j=1 Section 7

Combined with the coverage table at the start of Section 3, these are the only remaining
inequalities needed for the theorem. In particular, the next three sections estimate coefficients
of fixed-denominator rational series; they no longer involve the original lower index k.

5 An elementary proof of the uniform kernel

5.1 An exact coefficient formula and its error bound

Let p4(t) be the coefficient of ¢' in 1/Dy for integers t at least zero, and set ps(t) = 0 for
negative integers. Define the following polynomials on the real line:

2% + 30t + 135t + 175
B 288 ’

Ct45 17

II —.
(t) 32 * 72

E(t) (5.1)
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We use the classical exact restricted-partition formula below; an equivalent wave decomposition
for py is given by Sills and Zeilberger [4]. Partitions into parts at most four and into at most
four parts have the same counting function by conjugation. For every integer t > 0,

(Dt +5)  3()  dalt)
* 32 * 9 * 8’

where 03 has the successive values (1,0,-1) modulo 3 and d4 has the successive values (1,0,-1,0)
modulo 4. Consequently |p4(t) - II(¢)| < E(t). To verify (5.2), one can multiply the following
rational-function identity by its common denominator:

(5.2)

NN S R S
Dy 24(1-¢q)*  8(1-¢)3° 288(1—¢q)* T72(1—q)
1 1 1+¢ 1

TR1+q?  80+q  +q+ed)  SA+) (5:3)

Coefficient extraction gives (5.2) for every integer ¢ > 0, not just asymptotically. The last two
periodic terms have absolute values at most 1/9 and 1/8, whose sum is 17/72. The parity term
has absolute value (¢ + 5)/32; together these bounds give |p4(t) — II(¢)| < E(t). Thus the total
error is bounded by an explicit linear function of ¢, rather than by a constant.

We will repeatedly use the following elementary consequence. At degree n, call an exponent-
weight pair (e;, w;) active if n > e;. Summing over the active pairs gives

Zwim(n —e) > Z (will(n — e;) — |w;|E(n — €;)) . (5.4)

The bound applies to positive and negative weights alike: if py(z) = II(2) + (2) and |e(2)| <
E(z), then we(z) > —|w|E(z). Only active terms, with z = n —e; > 0, enter this estimate;
an inactive term contributes ps(n — e;) = 0 and is omitted. To make every later expansion
reproducible on paper, define

f(z) =223 43022 + 1352 + 175, g(2) = 92 + 113.

For an ordered list of exponent-weight pairs and an initial segment of v active pairs, define the
lower bound by the single rule

v

2888, (n) = Z(wif(n —e;) — |wilg(n — e;)).

i=1

Thus f = 2881 and g = 288F. We call this bound L, (a, n) for the uniform kernel and M, (j,n)
for the m = 2 kernel. The subscript v counts active pairs; it is independent of the deficit index
j. Every expanded polynomial and endpoint value below is obtained by this same rule.

5.2 The uniform kernel and its active ranges

Lemma 5.1. For every integer a > 3, the following formal series has nonnegative coefficients:

Qa(q)
Dy(q)’

Proof. In increasing order, the seven exponent-weight pairs are

Qa _ (1 o q2a—l)(1 o q2a) o q3a+l + q4a + q8a+4. (5.5)

(0,1), (2a—1,-1), (2a,—1), (3a+1,-1), (4a—1,1), (4a,1), (8a +4,1).

10
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If exactly the first v pairs are active, let L, (a,n) be the lower bound just defined for those pairs.
By (5.4), [¢"](Qa/D4) > Ly(a,n). Throughout the endpoint calculations put z = a —3 > 0.
The complete degree split is as follows:

Degrees Bound used Reason for nonnegativity

0<n<3a+1 Exact product Nonnegative reciprocal product

3a+1<n<4aq-—2 Ly Positive derivative; check left
endpoint

n=4a—1 Ls Explicit positive parameter
polynomial

4a <n < 8a+3 Lg Concave quadratic; check both
endpoints

n>8a+4 L7 Uniform cubic tail estimate

For n < 3a + 1, the extra monomials of Q, have not contributed, and positivity is immediate
from the exact product decomposition

(I—g* N1 -¢*)  [2a—1][a]p
Dy " (5:6)

5.3 The first three active ranges

For 3a +1 < n < 4a — 2, exactly four pairs are active. Before expanding, their common
lower-bound rule reads

288L4(a,n) = f(n) —g(n)
—fn—=2a+1)—g(n—2a+1)
— f(n—2a) — g(n — 2a)
—f(n—3a—-1)—g(n—3a—1).
In particular, each negative weight also has a negative error term. Expanding this displayed
cubic expression gives

28814 = —4n® + (42a — 60)n? + (—102a* + 408a — 318)n
+ 86a° — 480a* + 978a — 862. (5.7)

As a real polynomial in n, its derivative satisfies

OL
1448—4 = H,(n) := —6n* + (42a — 60)n — 51a* + 204a — 159.
n

The quadratic H, is concave, so it is bounded below on this interval by the lesser endpoint
value. Those endpoint values, in terms of x = a - 3, are

H,(3a+1) = 54 4 156z + 2122, H,(4a —2) = 54 + 102z + 2122

The derivative is therefore positive on the whole interval: a concave quadratic lies above the
line segment joining its endpoint values, and both values are positive. Consequently L, is
increasing. Its minimum is at the left endpoint, where

288L4(a,3a + 1) = 2554 + 2904z + 69622 + 502> > 0. (5.8)

11
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At n = 4a - 1 there are five active terms. Direct substitution gives

288L5(a, 4a — 1) = 2666 + 3210z + 99622 + 942> > 0. (5.9)

For 4a < n < 8a + 3, six terms are active, and the lower bound is

288Lg = —6(a — 1)n? + (90a? — 120a)n — 170a® + 57642 — 294a — 580. (5.10)

Here it is Lg itself, rather than its derivative, that is concave in n: its second derivative is
—(a—1)/24 < 0. A concave function is at least the lesser of its two endpoint values on a closed
interval. Those values are

288L¢(a,4a) = 2804 + 33962 4 1038z% + 9423,
288Lg(a, 8a + 3) = 2534 + 3954z + 14762% + 1662 (5.11)

Concavity therefore proves positivity throughout this closed interval.

5.4 The complete tail

For n > 8a + 4, all seven pairs are active. The translation ¢ = n — 9a + 2 is chosen to remove
the quadratic term in the cubic lower bound. Its range is t > 6 — a > —a; in particular, ¢ need
not be nonnegative. Expansion gives

144L7 = t3 — (6a* + 21)t + 78a® + 6a* — 156a — 301. (5.12)

If —a <t <0,thent? < a?, sot?—6a?—21 < 0. Multiplication by ¢ < 0 gives ¢(t>—6a%—21) > 0.
For t > 0, the condition a > 3 gives 6a + 21 < 25a2/3, and

25 250 5a\ 2 10a
B — et 3:(t> (t >>.
gt g 3 t37)=0

For ¢ > 0 the factorization implies a lower bound —250a3/27 > —10a? for ¢3 — (6a® + 21)t. For
negative ¢ the lower bound zero just proved is stronger. Thus the single bound 3 — (6a%+4-21)t >
—10a? holds on the entire tail, and (5.12) yields

144L7 > 68a> + 6a* — 156a — 301 = 1121 + 1716z + 618z% 4 682° > 0. (5.13)

The five degree ranges just treated are consecutive and cover every integer n > 0, including the
single-point first active interval when a = 3. This proves Lemma 5.1. In fact the coefficients
are strictly positive from n = 3a 4+ 1 onward. U

6 An elementary proof of the m = 2 variable kernel

Lemma 6.1. For every integer j > 2, K;j/D4 > 0, where

Kj = (1— ¢ )1 - %) — 27 +2¢¥ 4 ¢4, (6.1)

Proof. The ordered exponent-weight pairs are
(07 1)7 (4j - 17 _1)7 (4j7 _1)7 (7]7 _2)7 (8] - 17 1)7 (8]7 2): (16.7 =+ 47 1)-

12
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Use the same lower-bound rule as in Section 5, retaining the absolute values of the weights in
the error term. Write M, (j,n) for the bound with the first v pairs active, and put = j—2 > 0.
The degree ranges and the corresponding arguments are the following;:

Degrees Bound used Reason for nonnegativity

0<n<Tj Exact product Nonnegative reciprocal product

77 <n<8 —2 My Positive derivative; check left
endpoint

n=8j—1 M5 Explicit positive parameter
polynomial

87 <n<165+3 Mg Concave quadratic; check both
endpoints

n>165 +4 M Translated cubic and square
factorization

For n < 7j the extra monomials have not contributed, and nonnegativity follows from the
exact product decomposition below.

Dy 1—-¢*)(1—¢*) —
For 7j <mn < 8j — 2, exactly four pairs are active. The weight —2 in the fourth pair must also
be retained in the error term; explicitly,

288My(j,n) = f(n) — g(n)
—f(n—4j+1)—g(n—4j+1)
— f(n—4j) — g(n — 4j)
—2f(n—"7j) —29(n — 7j).

Expansion gives
288My = —6n> + (1325 — 96)n> + (—78042 4 13685 — 516)n
+ 162852 — 399652 + 34325 — 1266. (6.3)
The derivative of 288My is a concave quadratic in n. Its endpoint values are
288 0, My4(j,77) = 276 4 768z + 186z,
288 0, My4(j, 8 — 2) = 276 + 600z + 1802

As in Section 5.3, concavity of this derivative and positivity at both endpoints imply that the
derivative is positive throughout the interval. Thus My is increasing, with positive left endpoint

288 M, (4, 7§) = 6502 + 10260z + 43442> + 5782 > 0. (6.4)

At n = 8j - 1, exactly five terms are active, and

288M5(j,8j — 1) = 6750 + 11124 + 520822 + 7642° > 0. (6.5)

13
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For 8§ < n < 16j + 3 there are six active terms. The lower bound is

288 Mg = —12jn* + (37252 — 168 — 72)n — 144475> + 214852 — 1205 — 922. (6.6)

Its second derivative is -j/12, so it is concave. Its endpoint values are

288M; (4, 85) = 7014 + 11688z + 538822 + 76427,
288 Mg (j, 16 + 3) = 4278 + 13044z + 804022 + 14362°. (6.7)

Both are positive, proving the middle range.

For the entire tail n > 165 + 4, translate n to remove the quadratic term, and abbreviate the
other coefficients by

t=n—18j +1, B = 652 + 245 + 16, C = 1380;5% — 81652 — 13085 — 918.
288 My = 2t3 — 6Bt + C. (6.8)

The tail begins at ¢t > 5—2j. Although ¢ may be negative, v/B > j implies t+2v/B > 5 > 0. The
square factor in the following identity is therefore multiplied by a positive quantity throughout
the tail:

23 — 6Bt = 2(t — VB)*(t + 2/ B) — 4B®/?

It follows that 288 M, > C' — 4Bv/B. To eliminate the square root, use VB < 45+ 2 for j > 2.
Indeed, with = j — 2 > 0, we have (4 +2)? — B = 1052 — 8j — 12 = 12 + 32z + 102 > 0.
Consequently

288 M7 > C — 4B(4j 4 2) = 128453 — 124852 — 17565 — 1046
= 722 + 8660z + 645622 + 128423 > 0. (6.9)

The five degree ranges cover every nonnegative integer, so Lemma 6.1 follows. The proof uses
the displayed coefficient formula and polynomial inequalities, with no symbolic case enumera-
tion as a premise. [l

7 The first-index kernel

Lemma 7.1. The series K, /D, has nonnegative coefficients, where K, = 2 —2¢3 —2¢* 4+ 2¢% +
20
q*.

Proof. With p4(t) = 0 for negative integers, the coefficient ¢, = [¢"](K,/D4) is exactly

cn = 2pa(n) — 2pa(n — 3) — 2pa(n —4) + 2ps(n — 8) + pa(n — 20).

Substituting the exact formula (5.2) gives the following indexed initial values. This is a fi-
nite calculation with the same formula used for the tail; it requires no unstated coefficient
computation.

14
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(7.1)

For n > 20, all five pairs are active. Apply (5.4) to (0,2), (3,—-2), (4,—2), (8,2),(20,1). Denote
the lower bound by Fi(n), so ¢, > Fy(n). The common rule gives

144F,(n) = n® — 51n* 4 801n — 3353. (7.2)

Set x = n - 20 > 0. The same polynomial becomes

13)2 899
2 4

144F,(n) = 2% 4 92% — 392 + 267 = 2% + <3x -~ =) +—>0. (7.3)

This proves the complete tail and hence the lemma. The finite list (7.1) is fully displayed; no
undisclosed finite verification is needed. O

8 Completion of the theorem

For m > 3, Section 3 proves the local comparison when h < 2a + 1; Section 4 and Lemma 5.1
prove it when h > 2a + 2. These ranges are consecutive. The nonoverlapping allocation in
Section 2 then yields the canonical comparison for every m > 3 and every k. When k < 2m
there is no missing primitive term, and the same global identity gives the comparison directly.

For m = 2 and j > 2, Section 3 covers h < 6j - 1, while Section 4 and Lemma 6.1 cover h >
4j + 2. There is no omitted integer between these ranges, since 4j + 2 < 6j. For j = 1, the
counting estimate covers h < 5 and Lemma 7.1 covers h > 6. The weighted summation identity
in Section 2 therefore proves the comparison for all k > 4. For k = 1,2,3 there are no negative
gap terms, so the result is immediate.

The case m = 1 is equality. Thus every canonical parameter 1/(2m) is covered. The parity
reduction in Section 1 implies the full statement:

10" (T1j2(0) = Trp(@)) 20 (r €Qso, k> 1, n>0). (8.1)

This completes the proposed proof of the full Han-Xiong conjecture. O

Appendix. AI use and supplementary verification

Author and AI use. Justin Du directed the Al-assisted investigation and preparation of this
preprint. Generative Al contributed substantially to the proposed mathematical argument,
manuscript text, and verification programs. OpenAl Codex was used for subsequent manuscript
revision, internal review, and preparation of this release. The author is responsible for this
preprint and is the contact for questions and corrections.

Review status. The argument has undergone internal Al-assisted mathematical review and
exact-arithmetic checks. It has not undergone external human peer review or proof-assistant
formalization. The word candidate records this status; the proof does not intentionally assume
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an unresolved lemma. Independently implemented checking programs provide arithmetic cross-
checks, rather than independent human peer review.

Verification materials. All inequalities needed for the main proof are displayed in Sections
1-7. The variable-kernel arguments use exact coefficient formulas and polynomial inequalities,
without a finite parameter cutoff or symbolic case enumeration as a premise. The accom-
panying source package contains the TeX manuscript, an analytic arithmetic checker, four
supplementary certificate programs, and two exact certificate files. The analytic checker ver-
ifies the displayed polynomial identities and the fixed kernel’s initial coefficients. The other
programs provide alternative checks of the two variable kernels, summarized below.

Supplementary check Exact result

Old Kj certificate, j > 2 3,468 symbolic cases; 29,424 nonzero coefficients;
minimum 72 (scaling by 6)

Uniform Q, certificate, a > 3 1,884 symbolic cases; 15,312 nonzero coefficients;
minimum 66 (scaling by 6)

Independent Q, Biglnt verifier Same 1,884 cases and 15,312 coefficients; scaling
by 288 gives minimum 3,168

Complete formal proof in a proof assistant Not supplied

The software checks do not replace the coefficientwise-order arguments in the text. Each order-
preserving multiplication is justified by an explicitly nonnegative series or a stated identity. The
parameter ranges previously established in [1]-[3] are not assumptions of the proposed proof.
The mathematical argument is intended to cover all parameters in Theorem 1.1; the verification
programs are supplementary materials.
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